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Abstract An ingenious approach to generalize Banach
contraction principle was adopted by Suzuki in his seminal
papers (Proc Am Math Soc 136:1861–1869, 2008, Non-
linear Anal Theory Methods Appl 71:5313–5317, 2009). In
this paper we prove certain common fixed point results for
generalized Suzuki contractions in the set-up of b-metric
spaces, where the b-metric function is not necessarily
continuous. Finally, some examples are presented to verify
the effectiveness and applicability of our main results.
Keywords Fixed point  b-metric space  Suzuki
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Introduction
There are a lot of generalizations of Banach fixed point
principle in the literature. In 2008 Suzuki introduced an
interesting generalization of Banach fixed point principle.
This interesting fixed-point result is as follows.
Theorem 1 [26] Let (X, d) be a complete metric space,
and let T be a mapping on X. Define a non-increasing

































Assume that there exists r 2 ½0; 1Þ, such that
hðrÞdðx; TxÞ dðx; yÞ ¼) dðTx; TyÞ rdðx; yÞ;
for all x; y 2 X, then there exists a unique fixed-point z of
T. Moreover, limn!1Tnx ¼ z for all x 2 X.
Suzuki proved also the following version of Nemytckii
fixed point theorem.
Theorem 2 Let (X, d) be a compact metric space. Let




dðx; TxÞ dðx; yÞ ¼) dðTx; TyÞ\dðx; yÞ
Then T has a unique fixed point in X.
This theorem was also generalized in [6].
In addition to the above results, Kikkawa and Suzuki
[11] provided a Kannan-type version of the theorems
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mentioned above. In [21], a Chatterjea-type version is
provided, whereas Popescu [20] obtained a Ciric´-type
version. Recently, Kikkawa and Suzuki also provided
multivalued versions in [12, 13].
Very recently, Hussain et al. in [8] have extended
Suzuki’s Theorems 1 and 2, as well as Popescu’s results
from [20] to the case of metric-type spaces and cone
metric-type spaces.
Czerwik in [5] introduced the concept of b-metric space.
Since then, several papers deal with fixed point theory for
single-valued and multivalued operators in b-metric spaces
(see also [1–5, 7–10, 14–17, 19, 24, 25]). Pacurar [19]
proved results on sequences of almost contractions and
fixed points in b-metric spaces. Recently, Hussain and Shah
[9] obtained results on KKM mappings in cone b-metric
spaces. Khamsi ([14, 15]) also showed that each cone
metric space has a b-metric structure.
The aim of this paper is to present some common fixed
point results for two mappings under generalized contrac-
tive condition in b-metric space, where the b-metric func-
tion is not necessarily continuous. Because many of the
authors in their works have used the b-metric spaces in
which the b-metric function is assumed to be continuous.
From this point of view the results obtained in this paper
generalize and extend several ones obtained earlier con-
cerning b-metric space.
Consistent with [5] and [25, p. 264], the following
definition and results will be needed in the sequel.
Definition 1 [5] Let X be a (nonempty) set and b 1 be a
given real number. A function d : X  X ! Rþ is a
b-metric spaces iff, for all x; y; z 2 X, the following con-
dition are satisfied:
(b1) dðx; yÞ ¼ 0 iff x ¼ y;
(b2) dðx; yÞ ¼ dðy; xÞ;
(b3) dðx; zÞ b½dðx; yÞ þ dðy; zÞ:
The pair ðX; dÞ is called a b-metric space.
It should be noted that, the class of b-metric spaces is
effectively larger than that of metric spaces, since a
b-metric is a metric only if b ¼ 1:
We present an example which shows that a b-metric on
X need not be a metric on X. (see also [25, p. 264]):
Example 1 [22] Let (X, d) be a metric space, and
qðx; yÞ ¼ ðdðx; yÞÞp; where p[ 1 is a real number. Then q
is a b-metric with b ¼ 2p1:
However, if (X, d) is a metric space, then ðX; qÞ is not
necessarily a metric space.
For example, if X ¼ R is the set of real numbers and
dðx; yÞ ¼ x yj j is the usual Euclidean metric, then qðx; yÞ ¼
ðx yÞ2 is a b-metric onRwith b ¼ 2; but is not a metric onR.
Before stating and proving our results, we present some
definition and proposition in b-metric space. We recall first
the notions of convergence and completeness in a b-metric
space.
Definition 2 [3] Let (X, d) be a b-metric space. Then a
sequence fxng in X is called:
(a) convergent if and only if there exists x 2 X such that
dðxn; xÞ ! 0 as n !1. In this case, we write
limn!1 xn ¼ x:
(b) Cauchy if and only if dðxn; xmÞ ! 0 as n;m !1:
Proposition 1 (see remark 2.1 in [3]) In a b-metric space
(X, d) the following assertions hold:
(i) a convergent sequence has a unique limit,
(ii) each convergent sequence is Cauchy,
Definition 3 [3] The b-metric space (X, d) is complete if
every Cauchy sequence in X converges.
It should be noted that, in general a b-metric function
d(x, y) for b[ 1 is not jointly continuous in all two of its
variables. Now we present an example of a b-metric which
is not continuous.
Example 2 (see Example 3 in [8]) Let X ¼ N [ f1g and















; if oneofm;n isevenandtheother isevenor1 ,











Then it is easy to see that for all m;n;p2X; we have
Dðm; pÞ 5
2
ðDðm; nÞ þ Dðn; pÞÞ:
Thus, (X, D) is a b-metric space with b ¼ 5
2
: In [8], it is
proved that D(x, y) is not a continuous function.
Since in general a b-metric is not continuous, we need
the following simple lemma about the b-convergent
sequences.
Lemma 1 [22] Let ðX; dÞ be a b-metric space with b 1,
and suppose that fxng and fyngb-converge tox, y, respec-
tively. Then, we have
1
b2
dðx; yÞ lim inf
n!1 dðxn; ynÞ lim supn!1 dðxn; ynÞ b
2dðx; yÞ:
In particular, if x ¼ y, then limn!1 dðxn; ynÞ ¼ 0. More-
over, for each z 2 X we have
1
b
dðx; zÞ lim inf
n!1 dðxn; zÞ lim supn!1 dðxn; zÞ bdðx; zÞ:
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Main result
We start our work by proving the following crucial
Theorem.
Theorem 3 Let (X, d) be a complete b-metric space. Let





































Suppose there exists r 2 ½0; 1Þ such that for each x; y 2 X,
the following condition is satisfied
1
b
hðrÞminfdðx; TxÞ; dðx; SxÞg dðx; yÞ ¼)
max
dðSx; SyÞ; dðTx; TyÞ;






Then T, S have a unique common fixed point z 2 X:
Proof At first we show that if z is a fixed point of S or T,
then z is a common fixed point of T and S. Let z be a fixed
point of T that is Tz ¼ z then we show that Sz ¼ z. From
0 ¼ 1
b
hðrÞminfdðz; TzÞ; dðz; SzÞg dðz; TzÞ;
it follows
dðSz; zÞ max dðSz; STzÞ; dðTz; T
2zÞ;




dðz; TzÞ ¼ 0;
thus Sz ¼ z. Therefore it is enough to show that T have a
fixed point. Putting y ¼ Sx in (2)
1
b
hðrÞminfdðx; TxÞ; dðx; SxÞg dðx; SxÞ;
it follows
max
dðSx; S2xÞ; dðTx; TSxÞ;









Now, putting y ¼ Tx in (2)
1
b
hðrÞminfdðx; TxÞ; dðx; SxÞg dðx; TxÞ;
it follows
max
dðSx; STxÞ; dðTx; T2xÞ;













Let x0 2 X be arbitrary and form the sequence fxng by,
x2nþ1 ¼ Sx2n and Tx2nþ1 ¼ x2nþ2 for n 2 N [ f0g. We
show that fxng is a Cauchy sequence.
By (4), we have
dðx2nþ1; x2nþ2Þ ¼ dðSx2n; TSx2nÞ
 r
b2
dðx2n; Sx2nÞ ¼ r
b2
dðx2n; x2nþ1Þ: ð8Þ
By (7), we have
dðx2nþ1; x2nÞ ¼ dðSTx2n1; Tx2n1Þ
 r
b2

















Also, by definition of b-metric spaces for all m n; we
have
















































! 0 as n!1:
So, we have
lim
n;m!1 dðxn; xmÞ ¼ 0:
Hence, fxng is a Cauchy sequence. Since X is complete, we
conclude fxng converges to z for some z 2 X: That is
lim
n!1 Sx2n ¼ limn!1 x2nþ1 ¼ z;




n!1Tx2nþ1 ¼ limn!1 x2nþ2 ¼ z:
Let us prove now that
dðz; TxÞ rdðz; xÞ;









dðx2n; xÞ[ 0, it follows that there exists a
x2nk 2 X such that
1
b
hðrÞminfdðx2nk ; Sx2nkÞ; dðx2nk ; Tx2nkÞg dðx2nk ; xÞ:
Assumption (2) implies that for such x2nk
dðSx2nk ; TxÞ max
dðSx2nk ; SxÞ; dðTx2nk ; TxÞ





hence by Lemma 1
1
b











thus for each x 6¼ z we get that
dðz; TxÞ rdðz; xÞ: ð9Þ
We will prove that
dðTnz; zÞ dðTz; zÞ; ð10Þ
for each n 2 N. For n ¼ 1 this relation is obvious. Suppose
that it holds for some m 2 N. If Tmz ¼ z then Tmþ1z ¼ Tz it
follows that the above inequality is true. If Tmz 6¼ z, we can
apply (9) and the induction hypothesis, we get that
dðz; Tmþ1zÞ rdðz; TmzÞ
 rdðTz; zÞ dðTz; zÞ;
and (10) is proved by induction.
In order to prove that Tz ¼ z. We consider two possible
cases.
Case I. 0 r\ 1ﬃﬃ
2
p (and hence hðrÞ 1r
r2





for each n 2 N. For n ¼ 1 it is obvious. For n ¼ 2 it fol-
lows from (6). Suppose that (11) holds for some n[ 2.
Since
dðTz; zÞ bdðz; TnzÞ þ bdðTnz; TzÞ
 bdðz; TnzÞ þ rdðz;TzÞ;
hence ð1  rÞdðz; TzÞ bdðz; TnzÞ. It follows [using (6)
with x ¼ Tn1z] that
1
b
hðrÞminfdðSTnz; TnzÞ; dðTnz; Tnþ1zÞg 1  r
br2
dðTnz; Tnþ1zÞ
 1  r
brn
dðTnz; Tnþ1zÞ













Assumptions (2) and (10) imply that
maxfdðSTnz; SzÞ; dðSTnz; TzÞ;












So relation (11) is proved by induction.
Now Tz 6¼ z and (11) imply that Tnz 6¼ z for each n 2 N.
Hence, (9) implies that





Hence limn!1 dðz; Tnþ1zÞ ¼ 0: On the other hand using



















Thus Tnþ1z ! z and, using Lemma 1 in (12), we have
1
b
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which implies that dðz; TzÞ ¼ 0, a contradiction.
Case II. 1ﬃﬃ
2
p  r\1 (and so hðrÞ ¼ 1
1þrÞ. We will prove
that there exists a subsequence fxnkg of fxng such that
1
bð1 þ rÞminfdðxnk ; SxnkÞ; dðxnk ; TxnkÞ dðxnk ; zÞ ð13Þ
holds for each k 2 N. Suppose the contrary
1
bð1 þ rÞ dðxn; TxnÞ
1




bð1 þ rÞ dðxn; SxnÞ
1
bð1 þ rÞminfdðxn; SxnÞ; dðxn; TxnÞg
[ dðxn; zÞ;
holds for each n 2 N. Now if n is odd then
1
bð1 þ rÞ dðx2nþ1; Tx2nþ1Þ
1
bð1 þ rÞminfdðx2nþ1; Sx2nþ1Þ;
dðx2nþ1; Tx2nþ1Þ[ dðx2nþ1; zÞ;
if n is even then
1
bð1 þ rÞ dðx2n; Sx2nÞ
1
bð1 þ rÞminfdðx2n; Sx2nÞ;
dðx2n; Tx2nÞ[ dðx2n; zÞ;
holds for each n 2 N. Then from (8) we have
dðx2n; x2nþ1Þ bdðx2n; zÞ þ bdðx2nþ1; zÞ
\
b
bð1 þ rÞ dðx2n; Sx2nÞ þ
b
bð1 þ rÞ dðx2nþ1; Tx2nþ1Þ
¼ 1
1 þ r dðx2n; x2nþ1Þ þ
1
1 þ r dðx2nþ1; x2nþ2Þ
 1
1 þ r dðx2n; x2nþ1Þ þ
r
b2ð1 þ rÞ dðx2n; x2nþ1Þ
 1
1 þ r dðx2n; x2nþ1Þ þ
r
1 þ r dðx2n; x2nþ1Þ
¼ dðx2n; x2nþ1Þ;
which is impossible. Hence one of the following inequal-
ities is satisfied for each n 2 N:
1
b




hðrÞminfdðx2nþ1; Sx2nþ1Þ; dðx2nþ1; Tx2nþ1Þ dðx2nþ1; zÞ:
In other words, there is a subsequence fxnkg of fxng such
that (13) holds for each k 2 N. Hence assumption (2)
implies that
dðSx2n; TzÞ max
dðSx2n; SzÞ; dðTx2n; TzÞ;







dðSx2nþ1; SzÞ; dðTx2nþ1; TzÞ;





By Lemma 1, we get
1
b






















dðz; zÞ ¼ 0;
hence dðz; TzÞ 0, which is possible only if Tz ¼ z.
Thus, we have proved that z is a fixed point of T. The
uniqueness of the common fixed point follows easily from
(2). Indeed, if z; z0 are two common fixed points of T,
1
b
hðrÞminfdðz; TzÞ; dðz; SzÞg dðz; z0Þ;
then (2) implies that




which is possible only if z ¼ z0. This proves that z is a
unique common fixed point of T and S. h
According to Theorem 3 we get the following result.
Corollary 1 Let ðX; dÞ be a complete b-metric space, and
let T be a mapping on X. Define a non-increasing function
h from [0, 1) into (1/2, 1] by (1).
Suppose there exists r 2 ½0; 1Þ such that for each
x; y 2 X, the following condition is satisfied
1
b
hðrÞdðx; TxÞ dðx; yÞ ¼) dðTx; TyÞ r
b2
dðx; yÞ;
then there exists a unique fixed-point z of T. Moreover,
limn!1Tnx ¼ z for all x 2 X.
Proof It is enough set S ¼ T in the Theorem 3 then the
desired result is obtained. h
Remark 1 Note that for b ¼ 1; Corollary 1 reduces to
Theorem.
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Corollary 2 Let (X, d) be a complete b-metric space, and
f ; S; T : X ! X be three self-maps and h : ½0; 1Þ ! ð1
2
; 1
be defined by (1).
Suppose there exists r 2 ½0; 1Þ such that for each
x; y 2 X, the following condition is satisfied
1
b
hðrÞminfdðx; fTxÞ; dðx; fSxÞg dðx; yÞ ¼)
max
dðfSx; fSyÞ; dðfTx; fTyÞ;





Also, if f is one to one, fS ¼ Sf and fT ¼ Tf , then we have
f, T and S have a unique common fixed point z 2 X:
Proof By Theorem 3, fT, fS have a unique common fixed
point z 2 X. That is fSz ¼ fTz ¼ z, since f is one to one it
follows that Sz ¼ Tz. From
0 ¼ 1
b
hðrÞminfdðz; fTzÞ; dðz; fSzÞg dðz; TzÞ;
it follows that
dðz; TzÞ max dðfSz; fSTzÞ; dðfTz; fT
2zÞ;
dðfSz; fT2zÞ; dðfSTz; fTzÞ
 
¼max dðfSz; SfTzÞ; dðfTz;TfTzÞ;
dðfSz; TfTzÞ; dðSfTz; fTzÞ
 
¼max dðz; SzÞ; dðz;TzÞ;





it follows that Tz ¼ Sz ¼ z, hence fz ¼ fTz ¼ z: h
Corollary 3 Let ðX; dÞ be a complete metric space, and
f ; S; T : X ! X be three self-maps and h : ½0; 1Þ ! ð1
2
; 1
be defined by (1).
Suppose there exists r 2 ½0; 1Þ such that for each
x; y 2 X, the following condition is satisfied
hðrÞminfdðx; fTxÞ; dðx; fSxÞg dðx; yÞ ¼)
max
dðfSx; fSyÞ; dðfTx; fTyÞ;
dðfSx; fTyÞ; dðfSy; fTxÞ
 
 rdðx; yÞ:
Also, if f is one to one, fS ¼ Sf and fT ¼ Tf , then we have
f, T and S have a unique common fixed point z 2 X.
Proof It is enough to set b ¼ 1 in the Corollary 2 then the
desired result is obtained. h
Now, in order to support the useability of our results, let
us introduce the following examples.
Let X ¼ ½0;1Þ. Define d : X  X ! Rþ by
dðx; yÞ ¼ 0; x ¼ yðxþ yÞ2; x 6¼ y:

for all x; y 2 X. Then ðX; dÞ is a complete b-metric space
for b ¼ 2. Define two maps T; S : X ! X by










for x 2 X. Then for each x; y 2 X we have
1
2
hðrÞmin dðx; TxÞ; dðx; SxÞf g ¼ 1
4
min








































 x2 ðxþ yÞ2 ¼ dðx; yÞ:































































































































































p ðxþ yÞ2 ¼ r
b2
dðx;yÞ:
Thus T and S satisfy all the hypotheses of Theorem 3 and










; hðrÞ ¼ 1
2
and 0 is the unique common
fixed point of T and S.
Inspired by [8, Example 4] and [26, Example 1], we
present the following example:
Example 3 Let X ¼ fð0; 0Þ; ð10; 12Þ; ð12; 10Þ; ð40; 42Þ;
ð42; 40Þg  R2. Define d : X  X ! Rþ by
dððx1; y1Þ; ðx2; y2ÞÞ ¼ ðx1  x2Þ2 þ ðy1  y2Þ2;
for all x ¼ ðx1; y1Þ; y ¼ ðx2; y2Þ 2 X. Then (X, d) is a complete
b-metric space for b ¼ 2. Define two maps T ; S : X ! X by
Tð0; 0Þ ¼ Tð10; 12Þ ¼ Tð12; 10Þ ¼ ð0; 0Þ;
Tð40; 42Þ ¼ ð10; 12Þ;
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Sð0; 0Þ ¼ Sð10; 12Þ ¼ Sð12; 10Þ ¼ ð0; 0Þ;
Sð40; 42Þ ¼ ð12; 10Þ;














p þ 1 minfdðx; TxÞ; dðx; SxÞg dðx; yÞ;
this implies that
max
dðSx; SyÞ; dðTx; TyÞ;













p þ1 min dðð0; 0Þ; Tð0; 0ÞÞ; dðð0; 0Þ; Sð0; 0ÞÞf g








p þ1 min dðð10; 12Þ; Tð10; 12ÞÞ; dðð10; 12Þ; Sð10;f









p þ1 min dðð12; 10Þ; Tð12; 10ÞÞ; dðð12; 10Þ; Sð12;f









p þ1 min dðð40; 42Þ; Tð40; 42ÞÞ; dðð40; 42Þ; Sð40;f









p þ1 min dðð42; 40Þ; Tð42; 40ÞÞ; dðð42; 40Þ; Sð42;f
40ÞÞg dð42; 40Þ; yÞ; 8y ¼ ð0; 0Þ; ð10; 12Þ; ð12;
10Þ.
On the other hand, in all of the cases we have
max
dðSx; SyÞ; dðTx; TyÞ;







Thus T satisfy all the hypotheses of Theorem 3 and hence
T has a unique fixed point. Indeed, r ¼ 1ﬃﬃﬃ
2







and (0, 0) is the unique common fixed point of T and S.
But,
dðTð40; 42Þ; Tð42; 40ÞÞ r
4
dðð40; 42Þ; ð42; 40ÞÞ;
that is 22 þ 22  r
4
ð22 þ 22Þ this implies that r 4. It is
contradiction. This proves that Theorem 1 is not applicable
to T.
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